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ABSTRACT"

Properties of electrons near absorbing and emitting surfétes
have been studied for weakly ionized plasma by analyzing the BdltzMann
equation governing tﬁe electrons. For simplicity,‘it was assumed-
that the eiectric field intensity is giveﬁ a friori. It waé shown
that there exists a "nonequilibrium absorption layer", near tﬁe
surface, wherein the kin;tiq distribution of electrons is completely
out of equilibrium for all values of the mean free path, Wﬂen the
surface is highly absofbent with small or no electron emission.

This layer is respbnsible for the large electron temperature jump

at the surface, and it governsythe electron temperature profile
through the continuum as well as the rarefield plasmas. It was

found from the analysis that thé simple surface boundary condition -
for continuum electron energy equation previously emplqyed by the
present author is correct when ;here is no surface emission. Similar
simple surface boundary condition is deduced for surfaces with given

finite emission rates,



I. INTRODUCTION

Interaction of weakly ionized plasma with variﬁus electrically
1-15
biased surfaces has been analyzed in recent years + In all these
. 7,8,9 10
analyses except those by Chung and Burke it was assumed that
the electron temperature is either in equilibrium with the neutral gas
temperature or a known constant., These assumptions in most cases are
unrealistic ones, as was pointed out by Chung7. Nevertheless, these
assumptions simplify the analyses greatly by a priori eliminating the
consideration of the electron energy from the governing equations of
the problem. With the assumptions, the interactioﬁ of the weakly
ionized plasma with various so0lid bodies has been studied for the con-
1-10 11-14 15

tinuum range , intermediate range , and the collisionless range .

Rather complete theory has been developed and extensive solutiouns
have been obtained for the continuum range*, so that all the basic
features of the interaction, leading to such as characteristics of
electrostatic probes, are now quite well understood, except for the
behavior of the electron temperature, As it is to be expected, the
analysis of the intérmediate range lags behind the analyses of the
other two rénges because of the difficulties associated with the solution
of Boltzmann equation.

Now, focusing our attention on the continuum plasma, the elimination
of the previously mentioned assumptions on the electron temperature, in
order to make the analyses more realistic, does not simply imply the

inclusion of the corresponding continuum relationship for the electron

energy.



As it will be shown in this paper from Boltzmann equation,
the ttansport of electrons becomes to be governed by a continuum
equation as the suitably definéd mean free path for collisions be-
comes sufficiently small, as compared with the characteristic
length of the flow field, when the electron temperature is assumed
to be known** a priori. If it is considered, however, that the
electron energy, like the electron concentration, is governed by
the Boltzmann equation, one finds that the continuum condition
cannot be obtained.near the surface, when the surface is a per-
fect absorber of electrons (perfect conductor) with a negligible
emission rate, doesn't matter how small the mean free path becomes.
As it will be seen iater, this is because the kinetic distribution
of electrons in the velocity space is always completely out of
equilibrium near the surface, when the surface is a perfect
absorber, for all‘nén—zero values of the mean free path., This
nonequilibrium distribution of electrons in velocity space, how-
ever, does not have any appreciable effect on the electron trans-
port, since it is confined within few mean free paths from the
surface, when the electron temperature is assumed to be known
throughout the plasma. The nonequilibrium electron distribution
near the surface, on the other hand, has a critical effect on the
electron energy equation for it determines the wall boundary
condition for this equation. The wall boundary condition, of
course,laffects the entire electron temperature profile across the
plasma and, in turn, it affects the transport of electrons thr;ugh

its effect on the electric field intensity.

The problem of. the wall boundary condition for tie electron



7
energy equation was first recognized by Chung . Chung showed that a

singularity exists for. the continuum electron energy equation at the
surface of a non-emitting conductor., Although the analysis was entirely
based on continuum theory, the breakdown of the continuum theory was’

7 .
seen to be the cause of the singularity. Mathematically, this singu-

7 v
larity was found to be removable and self-comsistent solution of the
electron energy equation, along with the other governing equations, was
obtained,

10

Subsequently, Burke faced the same problem of wall boundary con-
dition for the electron energy equation, In the work of Burkelo, the
various continuum governing equations, including the electron ehergy
equation, were rederived rigorously by a near—equilibrium perturbation
of the Boltzmann equation similar to the well-known Enskog-Chapman

- 16,17
expansion . This, however, did not help to resolve the problem
of surface boundary condition, because, as it was stated before, the
kinetic distribution of the electrons near the surface is so completely
out of equilibrium that the near equilibrium perturbation is not applicable
there., Consequently, an approximate boundary condition similar to that
employed by Chung7,was derived from the continuum equationmns,

In the present paper, the behavior of electrons in weakly ionized
plasma will be studied by a nonequilibrium.(not near-equilibrium) kinetic
theory. A nonequilibrium kinetic theory analysis of the plasma consisting
of neutral gas, ions, and electrons is a very formidable problem evén with

the assumptions of known electron temperatures (see references 11-14).

The main purpose of the present analysis is to describe the electron energy



near the surface and its effect on the electron temperature throughout

the plasma. The only interaction of the electrons with the positive

ions, in a weakly jonized plasma, is through the electric field governed

by a Poisson equation (see references 1 and 2), which becomes a body

.force on the electrons. In order not to obscure the main purpose of the
11-14

present study by the mathematical difficulties associated with a

complete kinetic theory description of the plasma, we shall consider

that the electric field intensity acting on the electrons as a body

force is given a priori. With the electric field intensity considered

to be known, the governing equation for electrons is decoupled from that

for ions and from the Poisson equation. The mathematical problem is

then reduced to the solution of a Boltzmann equation for the behaviors

of electrons and electron energy in the presence of collisons with the

neutraligas particles and the given electric field intensity. Particular

attention will be éiven to the properties of electrons near absorbing

and thermionically emitting surfaces in the limit of small electron-neutral

gas mean free paths wherein the electron and electron energy transports

would be continuum processes if it were not for the surface phenomena

described earlier,

It will be shown from the present analysis that the surface boundary
condition employed by Chung7 for the continuum electron energy equation
is sufficiently accurate when the surface is a non-emitting conductor.
The surface boundary condition for the thermionically emitting surfaces
will be derived also from the analysis, Finally, the solution will show

the effect of rarefaction (increasing mean free path) on the electron and

electron energy profiles,
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ITI., FORMULATION OF PROBLEM

The simplified problem to be analyzed in the present paper,
in order to understand the behavior of electrons near surfaces
affecting the electron temperature, was described in the preceding

section along with the justification of the simplification.

Specifically, we consider that a weakly ionized plasma is
confined between two infinite, parallel plates as shown in Fig.l.
We consider that both plates absorb all the electromns colliding
with the plates and, at the same time, may emit electrons which
are in half-Maxwellian distribution, with all the particle velo-
cities directed toward the plasma, at the temperature of the plates.
This emission may be due to thermionic, surface ionization, or
any other processes. The particular mechanism of electron emission
is irrelevant to the present analysis. Also, the plates are
sources and sinks for the'ions; however, the ions are of no direct

interest to the present problem.

Let us now consider the basic equation and boundary conditions

which describe this problem.

Boltzmann Equation

The starting point of the present analysis is the following
Boltzmann equation which governs the distribution function fe of
the electrons. For the plasma configuration given in Fig, 1, the
Boltzmann equation is written as

9f of ©

e e = = '
w4+ Eq—=Jf/f) (££f - £ f)Vda dv_ dw p dpd 1
Ve 3y - Bve - ( e'g e g) g g gp paa 0



where u, v, and w are the x, y, and z components of the particle
velocity regpectively, and the subscripts e and g denote the elec~
trons and neutral gas particleé respectively. The symbol £
represents the distribution function, and V is the relative velo-
city between an electron and a neutral gas particle before an
encounter, Quantities p and o are the collision parameter and
collision angle respectively. E(y) is the electric field inten-
sity in the direction of y. The distribution functions with a bar

denote those following a collision.

By definition, in weakly ionized plasma, the electron-electron
and electron-ion collision frequencies are negligibly small as
compared with the electron-neutral collision frequency., Hence,
only the colligions between the electrons and the neutral gas par-
ticles are included in Eq.(l).Also, in weakly ionized plasma, the
neutral gés is, for all practicél purposes,’unaffected by the
presence of the jonized species T, Hence, the distribution func~
tion of the neutral gas particles is considered to be known from

the existing analyses of neutral gases confined between two infi-~

nite parallel plates (see for instance references 18 and 19).

As it was mentioned toward the end of section I, the electric
field intensity E is simply a body force acting on the electrons.
It is immaterial what creates the electric field as far as the pre-
sent study of the interaétion of the electron energy with the
surface is concerned., Therefore, as it was mentioned in section I,
we conside; that E is given. The only unknown function in Eq. (1)
is, therefore, the electron distribution function fe’ and Eq. (1)

is now determinate provided that the inter-molecular potential



for the collisions is known. The intermolecular potential will

be discussed later.

- Boundary Conditions

In accordance with the physical problem described at the
beginning of the present section, the boundary conditions are

defined as follows. i

At Y= y/L=0
m, 2 m
- o ~ 20,242
fe,w neb,w 2nkT! R T (ue+ve+we) » for ve;Q (2)
sW sw
and at Y = y/L = 1; -
Mo 3/2 Mo
= nf —— 24.:20..2
fe,w nea,w Zng;) exp 2k%;>(ue+ve+we) , for ve;p ‘ (3)
? +
In the above expressions, néh v and n;a are the number densities
s i

of the electrons being emitted at the lower and the upper plates
respectively. Also, m and T' are the particle mass and the temper-—
ature respectively. The subscripts w and ® refer to the lower and
to the upper plates respectively. L is the distance between the

two plates. Note that when either surface is a perfect conductor

/ or n’

without emission, n
ea,x» eb,w

is zero. T; is the plate temperature,

Eqs.(l),(Z)and(B}constitute‘a consistent boundary
value problem. However, a direct solution of a Boltzmann equation,
-such as Eq.(1),for a completely nonequilibrium case is nearly
»impoSsible. We shall, in the present analysis, employ the moment
20 '

method due to Mott-Smith band Liu and Lees18 to be discussed

later,

As the necessary first step to a moment method, we shall show



the generalized moment ‘equation corresponding to Eq. (1).

Generalized Moment Equation

We let Q be a geéeneralized function of the electron particle

i

velocity. We then multiply Eq.(1)by Q and integrate each term with
: !
respect to the electron velocity space., After a rather standard ’

manipulation (see references 16 and 17), the resulting equa~- f

tion is, ’

a 7 _E o 30 a -

dy iij £ v Qdu dv dw, m,, {if fe 3v, du dv dw, = AQ (4)_
where
AQ =fff£ifff(Q—Q)_feng p dp da due dve dwe dug dvg de | (5)

and Q denotes the value of Q following a collision.

The formulation of the problem is now complete. The solution
of Eq. (1) to satisfy the boundary conditions, Egs. (2) and (3),
and the discussion of physical significance of the solution obtained

will comprise the rest of the paper.

IIT. GOVERNING MOMENT EQUATIONS

We shall first make tractable the term AQ given by Eq. (5)
by choosing the Maxwell's inverse fifth power intermolecular forcel7.
We shall then develop from Eq. (4) a set of particular moment equa-

. . . 18 .
tions with the use of Liu and Lees 8 moment method, Solutions of

the resulting equations will begin in the next section.

Intermolecular Force

11-14 i

It is known that the Maxwell's intermolecular force law
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- . - » . ) s ***
describes the collisions between electrons with low energies
and neutral gas particles, especially the monatomic gas particles,

, . . . 11-14
quite well. As it was done in the previous analyses of
weakly ionized plasmas, we shall herein employ this force law
which permits the integration of the collision integral., Thus,
we consider that the repulsive force between a neutral gas parti-

5

cle and an electron is given17 by mm K r °, where K is a
: e g eg eg

constant and r is the distance between the colliding pair.

With the Maxwell's intermolecular force law, AQ becomes

(see reference 17);

12 ©@
AQ = [(m + m )K ] / JIrfrf J £ du dv dw £ du dv dw (6)
g e eg o p e e e e g g g g
where
B=« oa=27
J = J [ Q gdpds (7)
P g=0 0=0

Moment Equations '

The pérticular moment method to be employed in the present
study to solve the Boltzmann equation, Eq. (1), is that due to
. 20 . 18 ,
Mott~-Smith , and Liu and Lees™ . This method has been employed
in various modified forms to describe the plasmas by kinetic

theory when the electron temperature was assumed to be knownll_lé,

The details of the general metﬁod are given in references
11 through 14,~ and will not be repeated here. One aspect of the
method, however, as applied to a weakly ijonized plasma should
be discussed,

In the moment method due to‘Mott—Smithzo, and Liu and LeeslS,
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one first chooses a form of distribution function which will give
i
the correct distribution functions in the two limits of the com—
pletely rarefied collisionless case and the collision dominated
continuum case. This form of the distribution function is then
substituted into the various particular moment equations derived
from the general moment equation, Eq. (4). The resulting moment
equations are then solved for the unknown functions comprising
the chosen form of the distribution function.
Two half-Maxwellian distribution functions were emploved by
11 .
Wasserstrom et al to analyze the plasma as it was done to analyze
. 18 .
the Couette flow of a neutral gas by Liu and Lees™ . As it was
. .11 . s R .
mentioned therein™ , this is not quite correct. It is because
the distribution function of the electrgns is not comprised of two
half-Maxwellians in the collisionlegs limit, as it is with the
neutral gas, since there exists a body force (electric field).
The effect of using the two half-Maxwellian distribution functions
. . L ; 12
on the analysis of plasmas was studied in detail by Chou et al™",
This studylz showed, as was expected, that the erreor caused by ‘the
use of the two half-Maxwellians increases with rarefaction, and
that the error becomes negligible as the electron-neutral gas col-
lision becomes frequent. Since it is the collisions which scatter
;the electrons toward two half-Maxwellian distributions, one for
/ 12
’ve > 0 and one for v, < 0, it is seen that the use of the two

half-Maxwellians for a plasma will be as acce%table as for the

neutral gas18 when;

EX << l

= (8)

e §
where A is the mean free path between electrons and neutral gas.

5
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The present analysis is concerned with the cases wherein there
is a sufficiently large number of collisions (see section I) such

that the above relationship is satisfied. Hence, we assume that;

£,= £, + £y (9
where o
Te 2 e
= n’ PN R O D .. 2 2 2
fea nea(y) 27kT' (y) exp 2kT! (y) (ue + Ve + We) (10)
ea ea
for v.< 0
e =
’ "e 3/2 € 2 2 2
= ot . —- S s e e +
feb neb(y) 27kT'. (y) exp 2kT?, (v) (ue Ve + We) (11)
. eb eb 1
for v. > 0
e =
and, fea and feb are zero for Vé > 0 and Vé < 0 respectively,
There are four unknown functions, n* , n',, T' , and T' , in
“ea’ "eb’ Tea eb

the present assumed form of the distribution function, Egs. (10)
and (11). We, therefore, need four moment equations. These equa-
tions are obtained from Eq. (4) by substituting the values, 1, v,
u? + v2 + wz, and v (u? + v2 + w?) sucessively for Q. In a one

e e e e e . e e

gas component system, such as those of references 18 and 20, the
first three values of Q representing the mass, momentum, and the
energy respectively were collisional invariants 16 which gave

AQ = 0. On the other hand, the mass and the energy were collisional
. . . 11-14 o, s . .
invariants in the analyses of weakly ionized plasma with given

electron temperatures. In the present study, as it will be seen

subsequently, only the mass, Q = 1, is a collisional invariant.
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As we substitute Q = 1, -v , w? + v2 + wz), and v (U2 + v% + w?)
: e e e e e’ e e

sucessively in Eq.(4),and as we make use of Egs. (6), (7), and (9)

through (11), there result the following four moment equétions af-

ter a considerable manipulation.

Continuity;
%37 (nl‘abT:abl/z i ni_aT]af) -0
Momentum;
(neb .eb + neaTéa) - —'(n + néa) E et
= A Egﬁg s gi'% mgné (n;bTéb% _ n;aTéa%)
Energy;
y (neb eb 'z néa ea /2) - 1 PG : T'b/ - neaTéaé)

K 16, m 3/2
- 3 .5 _eg _e ' i v
= = n‘,A mgng [}neb + n )T (n

2k m b eb
g
Energy Transport;
c._ 1 m L] . T oot t m
dy (nebTeb neaTea ) k E(nebTeb n aTea)
2k |5 [m |k
_____A eg|® __gzmnl(nl T /2 a' T' /2)
Sﬂ% k m,. g g eb eb ea ea

where né is the neutral gas number density.

Qazy

(13)

+ ' T i]
ea ea

(14)

(15)



--in Eq. (13), the éyerage diffusion velocity of neutral gas

- is céhéid@réd to be negligibly small as compared with that of the
electrons in.accordance with the definition of the weakly ionized
plasma, The general derivation of the right-hand side of Eq. (13),
which comes from AQ, is given by Jeans}7 The constant A which

appears in the derivation of AQ was computedl7_to be 2.6595,

2 2 2
. The AQ for Q = ve(ue + v, + we) was also derived by Jean%7,

but only for one gas component system wherein all the colliding
particles havé the same mass. This AQ and that for Q = ui + vg +
wi are derived in the present analysis for me/m.g << 1 using the
inverse fifth power law of collision, resulting in the fight hand
sides of Egqs. (15) and (14) respectively, These derivations are

rather lengthy and tedious; however, they follow the standard

method17 and are not shown here.

Before we move on to the manipulations of Eqs. (12) through
(15), it should be pointed out here that the present mément method
of solution of the Boltzmann equation wherein the two half-
Maxwellian distribution functions, Eqs. (10) and (11), are used
automatically satifies the boundary conditions, Egqs. (2) and

3).

We shall now nondimensionalize the moment equations in the

-

following.

Nondimensionalization of Moment Equations

There are two characteristic lengths in the present problem
shown on Fig. 1. They are L and the mean free path A which can

be defineéd in terms of the present collision parameters as;
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2wkT! co ’
- : _ e 1 f 1 : o
S A-(mmK~ ) (A)(n') . ‘ (16)
S egeg ./ -& ; o ‘

) : N - : ‘ . ’ . : ‘
Using L, A, nea,m and Ts,w as the reference quantities, we trans- _

-form Eqs. (12) through (15) into the follow1ng equat10ns.~

- ay

d (an%/ N e o an
e ["%f (T, + nT) - F(n +n) ] - -an, (anll 2. a’i/ 2y (18)
e AR VIR N iff; 1 ]
-éﬂﬁe——N(+)——-(T+T)\

T2 m.g g T, T 0y Ng T Wty T Hata (19) .
e{g*z ] g N, (“bT3/2

3/2
naTa ) 20
whe?e
Y=y/L, T=T)/T, , n= né/n;a R T = T! /TS o?
. Ng = né/ng o F = EL/(KT_ w) o

1/2

- 201]
b memgKeg ( ) ( ) ey

"We see in Eqs. (17) through (20) that me/mg appears only in

- the right hand éide of Eq. (19). The ratio me/mg is of the order

of 10~5. Therefore, the collisional exchangemof translational energies
‘ betweeﬁ-the neutral gas particles and the electrons, which is represented

*‘f:vﬁy.thé right hand side of;Eq;V(l9); is appfeciable‘oply as e is reduced
';;;o‘ﬁhe o#dérkéf maénitq@g of’yé/g5310°5. | 1



- 16 -

_Siﬁée‘this'elastic coliisional energy exchange does not
‘bésicallykélfer the behavior of the électrons near the surfaces,
we confine our analysis to the values of & >> mé/mg and neglect
the right-hand side of Eq. (19).

The body force E and the neutral gas density n' are known
functions in the present problem as was explained earlier, With—
out loss of generality, we may let Ng =1 and F to be constant
for simplicity. Also we confine our analysis to Fe<< 1 according to
Eq. (8).

With the above mentioned conditions, we now seek the solution
of Eqs. (17) through (20) for e<< 1., 1In these equations; the
highest order derivative terms are multiplied by_e,.énd, hence,
the equations could exhibit certain locally singular behavior. We
shall first discuss the general behavior of Eqs. (17) through_(ZO),
and the physical implications of this behavior. Actual solution
of the equations will then follow.

IV. GENERAL BEHAVIOR

, - 18
In the original analysis of the single component neutral

gas by the method used herein, there was no singular region for

g<< 1, One can show there e that in the limiﬁ of &> 0, the de~
generated equations pfoduce the continuum equations which are valid
everywhere. Therefore, if one were to perturb the governing equations

in the problem of reference 18, it would»simply be a regular pertur-

bation for small & which is valid uniformly throughout the flow field.



~17=

it islnoted here,'however, that if the surface boundary con-
’ditiéﬁ.in th€ probleﬁ of Liu and Leesl8 were that the gas particles
afe re—émitted specularly, inséead of diffusely as it was, then
thefe wouid have been a "Knudsen Layer" as € + 0 which is a singu-
lar region. That problem, however, could not be,analyzedrby the

. 18
particular moment method. -

- Now returning to the present problem described by Egs. (17)
through (20), we observe the followiﬁg interesting phenomena. In
the limit gf é-+ 0, Egs. (18) and (20) show that na-+ ng and
T;:+ th which means, according to Eqs. (10) and (11), tbe distri-
bution function approaches the full Maxwellian and, hence, the
transport process becomes continuum, as was expécted. There is,
however, one fact, which is not immediately obvious, that breaks
dowvn the validity of the continuum limit near the surface, when
the surface is a highly absorbent conductor with small or no emis-

sion.

Consider for the moment that there is no emission of electrons
1
at the lower surface, Then n T, * = 0 according to our boundary
W By

condition, Now Egs. (18) and (20) show that in the limit of € »> 0O,

Y

(naTa )W =

3/ '
C 2)W =0 (22)

The above equations show that mn =0, but T__ can beAéai;fiﬁite,*’
s 2 ’
value, showing that € + 0 does not ensure the continuum near such

a surface. With the preceding knowledges, we can now returmn to

Eqs. (18) and (20) and examine these equations more carefully.
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if n_ > pbﬁx 0 neér the lower surface, then there must exis§
‘_a-reéién neér the surféce'wherein the right-hand sides of Egqs. (18)
ahd (20) are of the order of tﬁe magnitude of e or 1esé for all'.
valﬁes of.e << 1, including € = 0. Therefore, in this region near
the cdnductor, Eqs. (17) through (20) do not reduce to continuum
relatioﬁé‘éven in the limit of € = 0. This region near a highly .
absqrbent surface with no or small emission_ié a singualr region,

and let us call it the "nonequilibrium absorption layer" for the

lack of a better name.

Obviously the ﬁesttéuited method, in the light of the preceding
discussion, of solution of Egs. (17) through (20) is thé method
of "inner—and-outer" expansions described in references 21 through
23. We now proceed to solve Egs. (17) through (20) by this method

of singular perturbation.
V. SOLUTION OF GOVERNING EQUATIONS

In this section, we shall obtain the solution of Eqs. (17)
through (20) for small values' of € = Aw/L by the method of "inner-
and-outer" expansions. We consider, ﬁenceforth, that n <<n s

eb,w Tea,»

and consider that it is the lower piate (w) which is the surface
of our interest.

The general method of "inner-and-outer" expansions is now well
known21—23. This method has been employed in the solution of many

fluid mechanics problems (see for instance references 2, 5, 6, 24,

and 25). We shall, therefore, apply this method to the present
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'prbblem without much elaboration.

Outer Region; Continuum Region

We expand the dependent variables as}

n, =n, +en,, +e?n,, + 0E?)

i io il i2

]
Ti= t., =t + et,

. + ezt.
i io il i

, + 063 (23),

where i may be either a or b.

A substitution of Egqs. (23) into Eqgs. (17)‘tﬁrough (20) results
in sets of perturbation equations, out of which we write the first

two sets asj

for 0(1),
:‘-1-—-( t, -n t )=20
dy nbo bo ao ao
nbotbo - naotao = (24)
g—(n t3 - n t3)==(  t, =-n t )
dY " bo bo ~ao ao 2" bo bo ao ao

3 . 3 =
nbotbo naotaO' 0
and for 0(),

d —
EY(nbltbq - naltao + nbotbl - naotal) =90
—d~—( t2 .+ n t2) =~ 2( t, - n .t +n t.-mn t )
dy nbo bo - ao ao nbl bo al ao bo bl ao al
+F (nbo + nao) (25)
+n .t3 -n _t3)

d (a2 - 32t
dY(Btbotblnbo 3taota1nao bl bo al ao

=<;/2)F (nbltbo_ naltao + nbotbl - naotal)
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d

Le. L b = - 2 - 2, 3
dY(nbotbo + naotao) '(8/5)(3tbotblnbo 3taotalnao * nblt.bo
— 3 2 : 2 ey
naltao) + F(nbotbo + naotao) o

Eqs. (24) readily give,

i
=}
!
=]

nbO ao [¢]

i
o
1t
rt

o' T tao 0 (26)

The first and the third equations of Eqs. (25) are readily integrated

with the constants of integrations C, and C

3 4 respectively. The second

and the fourth equations become with the use of the solutions of the

other two equations as,

dnotg.
3y -~ C3 + Fno (27)
dnotg 4

5 -~ % G FCY +C) o+ Fn_t2 (28)

Above equations can satisfy four boundary conditions. Two of the

boundary conditions are given as,
= t2 =
no(l) to(l) 1. (29)

The remaining two will be determined through the matching with the

inner solution to be obtained in the following. Eqs. (27) and (28)

are non-~linear, After the remaining two boundary conditions are speci
fied, Eqs. (27) and (28) are integrated numerically by a digital

computer.,

Inner Region; Nonequilibrium Absorption Laver T

We first stretch this region by defining an independent variable
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N as,
n = ...Y_..
ed '{30).
The dependent variables are then expanded as,
_ _8Aa 254 3s
n, =en,, +en,,+ 0(e™")
: ' (31)
1/2_ A ha 2ha 3h
T i = ti = tio + € til + € tiZ + 0(e™ )

where i may be a or b and (") denotes the inner région. As it was
mentioned in section IV, it is the small values of n near the surface
which is the cause of the singularity. Therefore, the first term in
the expansion of n, is considered to be §f order ¢° in order that the
correct singular behavior can become manifest.

Egs. (30) and (31) are substituted into Egs. (17) through (20).
A study of the resulting equations showed that the various terms become
of cdnsistenf orders of magnitude, and also the subsequent matching can
be accomplished to the correct orders, if we let;

g=s=h=1 (32,

Sets of perturbation equations are generated from the above manipulations.

The first two order perturbation equations are given below,

For 0(1), _
A D D Al .
%ﬁ (nbltbo naltao) 0 (33)
A A3 A A3 _
%ﬁ (nbltbo - naltao) B
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For O(e),
g;-(ﬁbngo - A;Z‘ao nbl bl Aél?gl) =0 1
 %§ (ablgi; Aal%io) - 2@, %, - ﬁalﬁgo)
%ﬁ'(3A51Ai$%b1 BGaiAioAal “bz bo - ﬁézgzo? | e
=(1/2)F (ﬁbl?bo - ﬁai%éo)
Sog ity B @ gl i}

Eqs. (33), and the second and the third equations of Egqs. (34)

are readily integrated to give,

AN A A A e
"1%0 ~ Ma1tao T 1

A’\3 AA3 __l\

1o ~ Ma1ta0 = ©2 (35)
A A2 A A2 A A

nbltbo + naltao - 2 Cln + C3

A Al A aAb 8 A A

1% T Ma1ta0 < 5 Con + €y —

There are four constants of integrations in the above equations. We
shall now apply the lower wall boundary conditions to Eqs. (35) and
eliminate two of the four constants.
The emission rate of electrons at the lower plate, <n;ve>w,
whose distribution is given by Eq. (2) is,
o o o

<p!lv> = [ ff v f _dudv dw
eew e,w e e e

P ) JP 2

T VY2 1/2 -
- 1 1
_Q ane) nea,m(Ts,oo ) (nb w b w (36)
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As usual, the boundary condition must be satisfied by the lowest
order term of the pertﬁrbation.' Therefore, the boundary condition,

e A N . *
Eq. (36), specifies nbl,w tbQ,w' Slnce‘the electrons are emitted

V2 _ ., 1/2

at the give a emperature, we h
given plate t perat s ¥ ave Tb,w s,

,» and, hence
Eq. (36) specifies n e The application of the boundary condition
. ’

to Egs, (35) that, at n = 0,

.n'
£ =4 = = —_&b,w
1 = Tp1,e = Ph,ul S T / g (7
ea,®
A A _ 1/2
Yo T tbo,w —*Ts,w
gives the relationships, 1/2
L N A2 A A A A A?L‘Afv' ‘ A RS ji
C3 - (nbl,w tbo,w) +[}bl,w tbo,w Cl) (nbl,w tbd,w CZi}
(A /E3 E _ ‘a ) 3/2 (38)
2 - a4 nbl,w bo,w 2

= + A
4 (nbl,w tbo,w) (ﬁblfw ¥Fbo,w - ¢ )1/2
1

~N
Eqs. (38) eliminates C3 and‘e4 as independent constants of integration.

A
The remaining constants C1 and 62 will be determined through the matching

to be described in the following.

Matching

The governing equations, Eqs. (17) through (20), describe the four

moments n Tl/2 1/2 T +n T ; n T3/2 -n T3/2
a"a aa

R bTh » and

anb + naTi, These four moments become, with the aid of Egqs. (23)
through (26), for the outer region as,

A2 o 1/2

v o=+ o(e?y . (39)
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_ 2 2 '
T, +nT =2nt +e [(nBl + nal) t,+2nt (tbl + tal)]

2
+ 0(e ) (40)

3/2

T3/2 - n T = e(1/2,F C
a'a <

2
b Y + C4) + 0(e ) (41)

3

T2 .2,k 3 4
n T, +nT =2nt +e¢ [% tqn0 (tbl + tal) + ot (nbl + nal)]

2
+ 0(e)) (42)

The moments become, with the aid of Egqs. (30) through (35), for the

inner region as,

nbfi/z - naTi/2 = 861 + 0(82) (43)
n;t)Tb +n.T, = 5(261 n+ 8y + o) (44)
ang/z - naTzl2 = 862 + 0(82) (45?
’ prb + naTi = g - —%—-62 n + 64) + 0(62) (46)

Each moment is now matched between the two regions requiring
that the outer solution as Y - O should match, term by term with
the inner solution as n - «, The detailed explanation of a matching
. 21
procedure is found elsewhere™ ',

Equations (39) and (43), can be matched by obsérvatidn to give,
3 1 (47)

From Eq. (40) the two term.innmer expansion of .the one term outer
‘expansion (see reference 21) becomes as Y -~ 0, in the inner variable,
9 :

T, +nT =2 (n tz) + 2 ¢ ;g?oto n (45)7
T a“a o o'w
: dy w
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From Eq. (44), on the other hand, the one term outer expansion
of the two term inner expansion becomes, in the outer variable,
asn+oo,
T +n.T 2T ¥ 4
mpTp TR, =26 (49)

Matching of Egs. (48) énd (49) by changing either n to Y or Y to 7

gives, .
@t? =0 (50)
o0 w :
dn t
0 0 N
o) T4 G1)
W

Equations (41) and (45), and Egs. (42) and (46) are matched similar-

ly, and there result the conditions,

5, =C, (52)
ath =o0 (53)
0o O'Ww
4
dn t
. ”~
gYO = [5+ Cy (54)

The matching is now completed for the lowest order, <Construction of

the complete solution is summarized below,

Complete Lowest Order Solution

Equations (50) and (53) obtainéd through the matching are the
_ two of the four boundary conditions neeaed for the outer equations,
Eqs. (27) and (28).
Equations (51) and (54) are not independent conditions. The
outer equations, Egqs. (27) and (28), become Eqs. (51) and (54) res-
pectively at Y = 0 when the conditions, Eqs; (50) and (53), are applied,

thus showing the consistency of the matching.
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Equations (27) and (28) are integrated humerically for the two
functions, (notg) and (notg) to satisfy the four boﬁndary con—

ditions, Egs. (29), (50) and (53). The solution gave no(Y),

tg ), Cy and C4’ thus providing the lowest order values of

n and T for the outer region from Eqs., (23).

With 03 and C

A ~
the inner region‘ei, 62, and C3, and.C4 are readily obtained

from Eqs. (47), (52), and (38), in terms of the surface con-

4 known, the constants of integration for

ditions, n
* “b,w

(35) are now determinate. The algebraic equations; Eqs. (35),

and Tb,w = Ts,w’ given by Eq. (36). Equations

though nonlinear, can be manipulated into explicit expressions

A A ”~ /> . .
for ngs Tgs to0 and to® Equations (31) then give the lowest

order values of N, Ty Ta’ and T, for the inner region. The

b

lowest order n and T for the inner region are finally obtained as,

0o

—-— ml )y b:-‘” =
n = néa . f_i I £, du, dv dw = (nb + Ha)/ 2
? : -
T = L T f}of[u2+(i7—<v>)2+w2]f du, dv, dw
Moo Pe e Lo e el iedie e e e
, .
A o T2 oo 232\
= B ' TPy ta _ 2 b b a_a
n,b -+ na 3“ nb + na

where v.> is the average electron velocity in y direction.
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VI DISCUSSION OF RESULTS

Typical electron température and electron number density
profiles obtained from the solution are plotted in Figs, 2

i

through 5.« The Surface.electroﬁ“temperatufe jump is shown in
Fig. 6.

It is clear from the preceding section# that the solution
is determined, so far as the surface effect is concerned, when
the surface temperature and n

b,
f#

emission rate, is-specified. The solutions are, therefore,

W/s, which is given by the surface

lotted in Figs. 2 through 6 with g = (n' ! as th
P g g o (ne,wlnea’m) /e as the
parameter representing the surface emission rate.

The "nonequilibrium abgorption layer" defined and discussed
in section IV causes, among other things, the surface electron
temperature jump. Figure 6 shows that the absorption layer dis-
appears and the continuum procesé becomes valid all the way to
the surface when n, /e > 0(10).

b,w

In this limit, the electrons at the surface is at the surface

temperature. Also, the most nonequilibrium or "frozen'" absorption

. -2 .
layer exists when n, /e < 0(10 °) when T is of order one.
b,w = S,W :

In this "frozen" limit, the surface emission rate of electrons is
so low that the electrons in the plasma are unaffected by the
presence of the surface with a given surface temperature, and the
surface electron temperature jump is maximum. Between these two
limits of continuum (or equilibrium) and frozen absorption layers,

the electrons near the surface feel a limited influence of the

surface resulting in the electron temperature jump shown in Fig. 6.
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We see in Figs, 2 through 5 that as nb,w/E is increased and as
the surface electron temperature jump is reduced, the effect of the
surface temperature rapidly spreads deeply into the main body of
the plasma. Therefore, for thevgmall values of e, for which the "con-

1<10

tinuum plasma theéry“ - ﬂas been developea, an extremely sma}l
value of nb,w or an extremely small surface emission rate can
greatly alter the electron temperature profile from that corres-
pondihg to a non-emitting conductor,

Since the surface electrcn temperature jump‘increases with

the decreasing n, /e, the jump increases as € is dincreased for

b,w
a given emission rate, This increasing surface electron tempera-
ture jump accompanying the increasing e, however, is due to the
rarefaction of the neutral gas, as seen in Eq. (21), which causes
the kinetic distrubution of eléctrons to become ncnequilibrium
uniformly throughout‘the plasma, This effect is, therefore, hasi-

cally different from that of decreasing n for a given small value

b,w
of e where the large electron temperature jump occurs due to the
nonequilibrium aBsorption‘layer near the wall, Of course, with the
continuous increasing e, the neutral gas distribution itself will
become highly nonequilibrium and will create a neutral gas tempera-
~ture jump at the surface in additionlto the .electron temperature
jump.

Finally, we shall deduce, from the present analysis, the |
surface boundary condition for the electron energy equations
appearing in the continuum plasma analyses such as those of ref-

erences 7 through 10. We first recognize that the lowest order

governing equations for the outer region,.Fqs. (27) and (28), are
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precisely the continuum equations for the present problem of
Fig, 1 governing the electrons. Equation (27) is the eleétronb
momentum equation and Eq. (2é)'is the-electron energy equation.
What we seek ié, théréfore,.the sﬁitéble'surface bouhdary con-
ditions which may be_appliéd to these equations directly, with-
out going through the inner solutions, to produce n and T_prd—
files which are accéptably close to the solutions shown on- Figs, 2
through 5.

When the surface eleétron emission is sufficiently small
such that nb’w/a;:gilo—l), Figs. 2 through 5 show that the outer
solution describes the electron temperature correctly, practically

all the way to the surface. The outer equations, Eqs. (27) and (28)

can be combined as,

dTo 4 1 ;
(0 T) 5 +5(2F03Y+CD—03TO=0 (55)

where To = ti. The surface boundary conditions, Eqs. (50) and (53)'
applied to Eqs. (27) and (28) can be shown to be equivalent to the

boundary conditions,

n =0 (56)

0,W

dary 1 . ,
(dY>— 5 F G7)
w
. - 7-9 10
The electron energy equation employed by Chung and others
is essentially Eq. (55) with the differences being only due to the
different flow geometries, neutral gaé compressibilities, and the
different electron-neutral collision cross-sections. Furtherﬁore,

the surface boundary conditions employed by Chung7_9 for the electron

energy equation when the surface emission is zero is precisely
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’Eqé;.(SG)_and_(57) with the 6nly algebraic differences being again
~due t§‘the different flow geometries, etc. We have shown, there-
fore, that the surface bounda;f condition for the electron energy
eqdétion émployed by Chung7"9 for the coﬁtinuum plasma is éorrect.
ﬁéw, let us consider the céée'for whiéh the surface emission .
rate is such that nb;w/s > 0(0—10—1). It is proposed, herein, that |,

the continuum energy equétion, Eq. (55), be solved with the wall

boundary conditions,

(58)
T(Y = o) = T, .
The solution of the»continuum eduations are obtained in the present
study to satisfy Egs. (58), and results for nb’W/s = 4 (shown iﬂ
broken lines) are compared in Figs. 2 through 5 with the coffect
solutions. It is seen that the simple surface boundary'conditions,.
Eqs. {(58), when applied diréctly to continuum equations give the
electron temperature profiles‘which are acceptably close, for "con-
tinuum plasma' studies, to the correct solutions. In the continuum
plasma analyses, the accurate value of electron temperature within

a few mean free paths of the surféce itself is not a eritical factor,
as long as it‘does not affect the electron temperature in the main

plasma.
VII CONCLUDING REMARKS

The interaction of electrons, in weakly ionized continuum plasma,
with absorbing and emitting surfaces has been studied by analyzing the
Boltzmann equation governing the electrons. In order not to obscure

the interaction phenomenon by mathematical complications associated
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with a complete.kinetic formulation of the plasma, it was assumed that
the electric field intensity ?s given a priori., Solutien was obtained
by Mo;t—Smithzo, and Liu and Leesl8 moment method, and by-using the
method of "inner- and -outer" expansions.'

It was showﬁ tﬁét'there exiéts é “nonéquilibrium absorption
" layer", which corresponds to the "inner" regién, whereih the kinetic.
distribution of electrons is completely out of equilibrium for
all values of the mean free path, when the surface is'highly absor~
bent with negligible emission. This layer is responsible for the
surface electron témperature jump, and it gbverns the electron
temperature profilé ;hrough the continuum as well as the rarefied
plasmas. The detailed mathematical and physical characteristics
of the absorption layer are discussed in sections IV apd VI.

It was found from the analysis that the simple surface
boundary condition for the electron energy equation previously
employed by Chung7 in the continuum plasma analysis is correct
in the limit of no surface emission. Similar simple surface
boundary‘condition is deduced from the present analysis for the

surfaces with given finite electron emission rates.
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LIST OF FOOTNOTES

In order for the continuum equation to be applicable t0’p1asma;
the mean free path must be much smaller than the Debye shielding
length in addition to the usual requirement of the collision

dominence,

As it was mentioned earlier, the usual assumption has been that
the electron temperature is known to be either at the value of
the neutral gas temperature or at another assigned constant

value,

The electron energy in the weakly ionized plasmas of the present

interest is less than 1 e.v,
More precisely for me/mg <<g<< 1,
Particularlv, see Eqs. (37).

See Eq. (36).-
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FIGURE CAPTIONS

Plasma Configuration

Electron Temperature and Density Profiles Near Surface 
for ¥F = 0 |

Electron Temperature and Density Profiles Near Surface
for F = 1.0

Electron Temperature and Density Profiles Near Surface
for F=~1

Electron Temperature Profile for ¢ = 0.01

Electron Temperature Jump at the Surface
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